Abstract. In the Khovanov homology of links, presence of Z 2 -torsion is a very common phenomenon. Finite number of examples of knots with Z n -torsion for n > 2 were also known, none for n > 8. In this paper, we prove that there are infinite families of links whose Khovanov homology contains Z n -torsion for 2 < n < 9 and Z 2 s -torsion for s < 24. We also introduce 4-braid links with Z 3 -torsion which are counterexamples to the PS braid conjecture. We also provide an infinite family of knots with Z 5 -torsion in reduced Khovanov homology and Z 3 -torsion in odd Khovanov homology.
Introduction
Khovanov homology [Kho1] , a categorification of the Jones polynomial [Jon] , has been computed for many links and the experimental data suggests that there is an abundance of Z 2 -torsion.
1 However, other torsion groups seem to appear rarely [Kho2, Shu3] . The smallest known knot with Z 4 -torsion was the torus knot T (4, 5) with crossing number 15 2 , while the smallest known knot with Z 3 and Z 5 -torsion was the torus knot T (5, 6) with crossing number 24. Despite not having been proven yet, calculations by D. Bar-Natan, A. Shumakovitch, and L. Lewark suggest Z p k -torsion in the torus knot T (p k , p k + 1) for p k > 3 [PrSa] . In this paper, we show the existence of Z n -torsion for 2 < n < 9 and 2 s -torsion for s ≤ 23 in the Khovanov homology of some infinite family of knots and links of two components with braid index 4. Moreover, we found a link of two components with braid index 4 and Z 3 -torsion in Khovanov homology.
Preliminaries
In this section we review the main ideas of Khovanov homology of unoriented framed links following O. Viro [Vir1] .
Let D be an unoriented diagram of a link, and cr(D) the set of its crossings. A Kauffman state s assigns a label, A or B, to each crossing of D (i.e., s : cr(D) → {A, B}). Let S be the collection of 2 |cr(D)| states of D. For s ∈ S, write σ = σ(s) = |s −1 (A)| − |s −1 (B)|. We denote by sD the result of smoothing each crossing according to the convention in Figure 2 .1. Let |sD| be the number of circles in sD. Enhance a state s with a map e which associates a sign Given s and s , two enhanced states of D, s is said to be adjacent to s if a(s ) = a(s) − 2, b(s ) = b(s), both of them have identical labels except for one changed crossing, where s assigns an A-label and s a B-label, and they assign the same sign to the common circles in sD and s D.
Let C a,b (D) be the free abelian group generated by the set of enhanced states s of D with a(s) im (∂ a+2,b ) are invariant under Reidemeister II and III moves, and therefore they are invariants of framed unoriented links. These groups categorify the unreduced Kauffman bracket polynomial.
We will refer to the groups H a,b (D) as the framed Khovanov homology groups of D. Following [Vir1] , the skein relation associated to the Kauffman bracket can be categorified in the following way:
Let D A (respectively, D B ) be the link diagram obtained after smoothing D at a crossing v of D according to an A-label (respectively, B-label). Note that we do not keep track of the vertex v in the notation, as it will not be relevant in our settings. Consider the map
which sends an enhanced state s of D B to the enhanced state of D assigning a B-label to the crossing v and keeping for the rest of the crossings the same labels as those assigned by s. The signs of the circles are also preserved. Now consider the map
, which sends each enhanced state with a B-label at the crossing v to 0 and each enhanced state with an A-label at v to the enhanced state of D A assigning the same labels and signs of the circles.
A short exact sequence of complexes can be obtained by combining both homomorphisms:
which gives rise to the following long exact sequence of homology,
Let D be the diagram obtained after fixing an orientation for D and let w = w( D) be its writhe. Then, the classical Khovanov (co)homology of D can be obtained from the framed Khovanov homology in the following way
with these groups being link invariants and categorifying the unreduced Jones polynomial. Note that the indices i and j agree with those used in most tabulations (see, for example, the tables at The Knot Atlas [KA] ). In the opposite direction,
. Since the use of subscripts/superscripts makes it clear whether we refer to classical Khovanov (co)homology or framed Khovanov homology, from now on we will write D for both, the oriented and unoriented diagrams, unless otherwise stated.
Lemma 2.2. Let us assume that the smoothed crossing v is positive. If we orient D A in the only way preserving the orientation of D, and choose an orientation of D B that keeps the orientation of the components not involved in the crossing v, then the previous long exact sequence becomes
Remark 2.3. Let v be a positive crossing of a diagram D . Perform a t k -move after the crossing v. See Figure 2 .2, where k is positive. However, we also allow k to be non-positive. Consider the long exact sequence in Lemma 2.2 for Prz1] ). Observe that D B , up to framing, in the long exact sequence does not depend on k. This observation is used throughout the paper. 3. Torsion in the Khovanov homology of
Write T (m, n) for a torus link of type (m, n). Any torus link T (m, n) with m ≥ 2 can be represented as the closed braid on m strands β m,n = (σ m−1 σ m−2 · · · σ 2 σ 1 ) n , with σ i being the classic generators of the braid group given by Artin [Art] , for 1 ≤ i ≤ m − 1. Given k ∈ Z, denote by T (k) (m, n) the link represented by the closed braid β m,n = (σ m−1 σ m−2 · · · σ 2 σ 1 ) n σ k 1 , that is, the link T (m, n) after performing a t k -move on the first two strands (Figure 2 .2). Unless otherwise stated, we will keep the notation T (k) (m, n) when referring to the classical diagram representing the link T (k) (m, n) (that is, the one expresed as the previous closed braid). See , then (1) For any pair of integers
(2) (a)
(3) For any pair of integers (i, j) / ∈ {(u, 3u), (u, 3u − 2)},
Proof. Khovanov (co)homology of the trivial knot is equal to Z when (i, j) = (0, ±1). Therefore,
(1) Since D B is the trivial knot,
, and therefore the associated long exact sequence becomes of the form
(2) The long exact sequences in (a) and (b) follow from combining the Khovanov homology of the trivial knot with Lemma 2.2.
(3) In addition to (1), we need the equality of torsion for indices (i, j) = (u − 1, 3u) and (u − 1, 3u − 2). For (i, j) = (u − 1, 3u), the sequence
An analogous argument works for the 5
An example of a link diagram D with D B the trivial knot is illustrated by the link T (k) (m, sm± 2) for any integer k, m ≥ 2 and s ≥ 0. See Figure 3 .2.
Khovanov homology of T
(k) (m,m+2). We observe that the link T
(k)
B (m, m + 2) is equivalent to the trivial knot with writhe The following results follow from Theorem 3.1.
(2) For any pair of integers (i, j) / ∈ {(u, 3u), (u, 3u − 2)},
Corollary 3.2 allows us to find infinite families of knots and 2-component links whose Khovanov homology groups contain torsion different from Z 2 .
Proof. The Khovanov homology of the torus link T (4, 6) has Z 4 -torsion in bidegree (9, 28), as shown in Table 8 . By Corollary 3.2 (2) one checks that Z 4 survives in bidegree (9, 28 + k) if k ≥ −3. When k = −3, the pair (i, j) = (9, 25) is a critical pair. In fact, H 9,24 (T (−4) (4, 6)) has no Z 4 -torsion as shown in Table 10 ).
Corollary 3.4. The Khovanov homology of T (k) (5, 7) contains Z 5 -torsion for every integer k.
Proof. The Khovanov homology of the torus knot T (5, 7) has Z 5 -torsion in bidegree (11, 39) and (12, 43) (see Table 20 ). Using Corollary 3.2 (2), we check that if k ≥ −6, then H 11,39+k (T (k) (5, 7)) contains Z 5 -torsion.
6 From computation (Table 21) , H 11,32 (T (−7) (5, 7)) has Z 5 -torsion, and by using Corollary 3.2 (2) again, we have that if k ≤ −8, then H 11,39+k (T (k) (5, 7)) contains Z 5 -torsion. In summary, we have proved that H 11,39+k (T (k) (5, 7)) contains Z 5 -torsion for every k. H 12,43+k (T (k) (5, 7)) has Z 5 -torsion for every integer k follows directly from Corollary 3.2 (2).
Corollary 3.5. The Khovanov homology of T (k) (6, 8) contains
(1) Z 3 , Z 4 , Z 5 -torsion for every integer k. In particular, Z 3 -torsion appears in
Proof.
(1) The Khovanov homology of the torus link T (6, 8) contains Z 3 -torsion in bidegrees (19, 60) and (20, 64) (see Table 22 ). We can show that if k ≥ −5, then the Khovanov homology of Table 24 ) has Z 3 -torsion. Using Corollary 3.2(2), we prove that
In a similar way, we can prove that the Khovanov homology of T (k) (6, 8) has Z 3 -torsion in bidegree (20, 64 + k) for all k. See Table 25 . The Khovanov homology of the torus link T (6, 8) contains Z 4 -torsion in bidegree (18, 62) (see Table 22 ). The Khovanov homology of T (k) (6, 8) has Z 4 -torsion in bidegree (18, 62 + k) by Corollary 3.2(2).
The Khovanov homology of the torus link T (6, 8) contains Z 5 -torsion in bidegree (12, 54) (see Table 22 ). The Khovanov homology of T (k) (6, 8) has Z 5 -torsion in bidegree (12, 54 + k) by Corollary 3.2(2).
(2) In the case of Z 8 -torsion, we compute that Table 23 ). By Corollary 3.2(1), the Khovanov homology of T (k) (6, 8) has this group in bidegree (17, 58 + k) for k ≤ −8.
Corollary 3.6. The Khovanov homology of T (k) (7, 9) contains Z 3 , Z 4 , Z 5 , Z 7 -torsion for every integer k. In particular, H 15,67+k (T (k) (7, 9)), H 21,75+k (T (k) (7, 9)), H 22,79+k (T (k) (7, 9)), H 23,77+k (T (k) (7, 9)), and H 24,81+k (T (k) (7, 9)) have Z 7 -torsion for all k.
Proof. It is known that the Khovanov homology of the torus knot T (7, 9) has Z 3 -torsion in bidegrees (26, 85), (28, 87), (29, 91) (see Table 30 ). The Khovanov homology of T k (7, 9) has Z 3 -torsion in bidegrees (26, 85 + k), (29, 91 + k) following directly from Corollary 3.2(2), and in bidegree (28, 87 + k) following a similar proof as Corollary 3.5(1). See Table 32 .
The Khovanov homology of the torus knot T (7, 9) has Z 4 -torsion in bidegrees (21, 75), (22, 79), and (26, 85) (see Table 30 ). The Khovanov homology of T k (7, 9) has Z 4 -torsion in bidegrees (21, 75 + k), (26, 85 + k), and (22, 79 + k) following from Corollary 3.2(2).
The Khovanov homology of the torus knot T (7, 9) has Z 5 -torsion in bidegrees (12, 67), (22, 79), (24, 81) , and (25, 85) (see Table 30 ). The Khovanov homology of T k (7, 9) has Z 5 -torsion in bidegrees (12, 67+k), (22, 79+k) , (25, 85+k) , and (24, 81+k) following from Corollary 3.2(2).
The Khovanov homology of the torus knot T (7, 9) has Z 7 -torsion in bidegrees (15, 67), (21, 75), (22 ,79), (23, 77) , and (24, 81) (see Table 30 ). The Khovanov homology of T k (7, 9) has Z 7 -torsion in bidegrees (15, 67 + k), (22, 79 + k), (21, 75 + k), and (24, 81 + k) following from Corollary 3.2(2). In a similar way as the proof of Corollary 3.5(1), one can show that the Khovanov homology of T (k) (7, 9) has Z 7 -torsion in bidegree (23, 77 + k) for every k. See Table 31 .
We conjecture about the shape of the Khovanov homology of H i,j (T (k) (m, m + 2)) for k ≥ 0. We start from the case of k = 0.
Conjecture 3.7.
(
(3) For m ≥ 4, the Khovanov homology of the torus link T (m, m + 2) has Z m -torsion in some bidegree with i < u(m, 0) and j < 3u(m, 0).
From computational data, Conjecture 3.7 holds when 2 ≤ m < 8.
Corollary 3.8. Assuming Conjecture 3.7 holds for fixed m, we have Proof. Using Conjecture 3.7 and the long exact sequence of Khovanov homology, the proof proceeds in a similar way as the proof of Theorem 3.1.
We continue with a conjecture on how to obtain the entire Khovanov homology of T (k) (m, m + 2) from the Khovanov homology of T (k−1) (m, m + 2). m+2) ) with the following exceptions:
We have two cases depending on the parity of (m − k):
The conjecture holds for m = 2 [Kho1] . We have verified this conjecture for m = 3, 4, 5, 6, 7, and 'small' k. We can partially prove the conjecture analyzing the following exceptional indices using Conjecture 3.7 and Corollary 3.8:
To analyze Khovanov homology at these indices, we consider the following pieces of the long exact sequence of Khovanov homology
7 We write T (k) for T (k) (m, n) in the following long exact sequences.
(1)
By Corollary 3.8, we have H u−1,3u−1 (T (k−1) ) = H u,3u−1 (T (k−1) ) = 0. Thus, sequence (1) reduces to:
Again, by Corollary 3.8 assuming k > 1, or k = 1 and m odd, we have H u−1,3u−3 (T (k−1) ) = Z and H u,3u−3 (T (k−1) ) = 0. Thus sequence (2) transforms into,
This sequence gives various choices for H u,3u−2 (T (k) ) and H u−1,3u−2 (T (k) ) depending on the function γ * : Z −→ Z. Let γ * (1) = s, s ≥ 0. Then, we have two basic possibilities:
. Until now, we assumed that Conjecture 3.7 holds. Conjecture 3.9 implies that this case holds when (m − k) is even. (ii) s > 0. Then, γ * is a monomorphism. Hence, H u−1,3u−2 (T (k) ) = 0 and H u,3u−2 (T (k) ) = Z s . Until now, we assumed that Conjecture 3.7 holds. Conjecture 3.9 implies that this case holds when (m − k) is odd with s = 2.
Khovanov homology of T
(k) (m,m+1) for m = 4, 5, 7. The torus knots T (m, m + 1) were the first knots in which torsion different from Z 2 was observed, namely Z 4 in H * * (T (4, 5)), Z 3 and Z 5 in H * * (T (5, 6)), and Z 7 in H * * (T (7, 8)). However, finding Khovanov homology of
B (m, m + 1) is not the trivial knot. In this subsection, we will prove existence of Z 4 -torsion in the Khovanov homology of T (k) (4, 5) when k ≥ 0 and Z 5 -torsion in the Khovanov homology of T (k) (5, 6) for k ≥ 0. Before this, we observe the coincidences between T (m, m + 1) and T (m, m + 2) for properly chosen twists. Proposition 3.10.
(1) T (k) (3, 4) = T (k−2) (3, 5). These links have Z 3 -torsion in odd Khovanov homology for k ≥ 0 (see Section 4). (2) T (2) (4, 5) = T (−1) (4, 6), with Z 4 -torsion in Khovanov homology. (3) T (2) (5, 6) = T (−2) (5, 7), with Z 5 -torsion in Khovanov homology (see Figure 3 .3 illustrating the equivalence of these knots).
Theorem 3.11.
(1) The Khovanov homology of T (k) (4, 5) contains Z 4 -torsion for any k ≥ 0. We have
(2) The Khovanov homology of T (k) (5, 6) contains Z 5 -torsion for any k ≥ 0. Specifically, H 11,35+k (T (k) (5, 6)) and H 12,39+k (T (k) (5, 6)) have Z 5 -torsion for any k ≥ 0. 9 Figure 3 .3. Operations on braids allowing conjugacy leading from T (−2) (5, 7) to T (2) (5, 6).
(3) The Khovanov homology of T (k) (7, 8) contains Z 7 -torsion for any k = −1. Specifically,
Proof. We concentrate on the proofs of cases (1) and (2). Our starting point is the long exact sequence of Lemma 2.2. In this case, we have
Thus the long exact sequence above now has the form
The homology of the right handed trefoil knot T (2, 3) is given by
From this we see that torH i,j (T (k) (4, 5)) = torH i,j−1 (T (k−1) (4, 5)) with possible exceptions when
That is when (i, j) ∈ {(7 + k, 21 + 3k), (7 + k, 23 + 3k), (9 + k, 25 + 3k), (10 + k, 29 + 3k), (10 + k, 27 + 3k), (9 + k, 27 + 3k)}. From Tables 6 and 7, we know that H 9,25 (T (4, 5)) = Z 4 and H 9,27 (T (2) (4, 5)) = Z 2 ⊕ Z 4 , and the only critical value concerning us is (i, j) = (9, 27) for k = 2. Thus torH 9,26 (T (1) (4, 5)) = H 9,25 (T (4, 5)) = Z 4 , and H 9,25+k (T (2) (4, 5)) = H 9,27 (T (2) (4, 5)) = Z 2 ⊕ Z 4 , for k ≥ 2, as needed.
In a similar manner we prove that H 11,35+k (T (k) (5, 6)) and H 12,39+k (T (k) (5, 6)) have Z 5 -torsion for k ≥ 0. We will show, analyzing homology of H * * (T (3, 4)) that
where tor odd (G) denotes the odd part of torsion of G. Futhermore we have:
, (2, 9), (3, 13), (4, 11), (4, 13), (5, 15), (5, 17)},
Now we analyze the long exact sequence of homology of Lemma 2.2 with
Thus the interesting part of the long exact sequence now has the form
For the odd part of torsion in Khovanov homology the critical values, when possibly
(9 + k, 31 + 3k), (9 + k, 33 + 3k), (11 + k, 35 + 3k), (12 + k, 39 + 3k), (13 + k, 37 + 3k), (13 + k, 39 + 3k), (14 + k, 41 + 3k), (14 + k, 43 + 3k). Notice that for k = 0, H 11,35 (T (5, 6)) = H 12,39 (T (5, 6)) = Z 2 ⊕ Z 5 , and H 14,43 (T (5, 6)) = Z 3 (see Table 13 ). Upper indices (11, 35), (12, 39), and (14, 43) are critical values. In fact, H * * (T (−1) (5, 6)) has no odd torsion 9 . See Table 14 .
For k = 2 we have critical value (11, 37) but from Table 16 we see that tor odd H 11,37 (T (2) (5, 6)) = Z 5 (see Table 16 ). For k > 2 there is no critical value potentially changing Z 5 -torsion in bidegree (11, 35 + k). When k = 3, we have critical value (12, 42) but from Table 17 we see that tor odd H 12,42 (T (3) (5, 6)) = Z 5 . Thus, Theorem 3.11(2) holds. Case (3) follows similarly. The tables of T (k) (7, 8) for k = −2, 0, 2 (see Tables 26,27 , and 29) and table of T (5, 6) (Table 13) are needed for the proof. 9 We checked that H * , * (T (k) (5, 6)) has no Z 3 -torsion for −10 ≤ k ≤ −1 and 2 ≤ k ≤ 10, while H 14,43 (T (5, 6)) = H 14,44 (T (1) (5, 6)) = Z 3 . In fact, (14, 43) and (14, 45) are critical points for k = 0 and k = 2 respectively. See Tables 13, 14, 15 and 16. 3.3. Small links with Z 3 , Z 4 , Z 5 , Z 7 , and Z 8 -torsion. We conclude the section summarizing the implications of the previous results.
T (5, 6) with crossing number 24 was the smallest known knot with Z 3 -torsion. Computations show that the closure of the braid (σ 3 σ 2 σ 1 σ 4 σ 3 )
4 , a link of three components having at most 20 crossings also has Z 3 -torsion. See Tables 13 and 18 . Moreover, the knot obtained by closing the braid (σ 3 σ 2 σ 1 σ 4 σ 3 ) 4 σ −1
has at most 22 crossings and has Z 3 -torsion. See Table 19 . The closure of the braids (σ 3 σ 2 σ 1 σ 1 σ 2 σ 3 ) 5 and (σ 3 σ 2 σ 1 σ 1 σ 2 σ 3 ) 5 σ 3 σ 2 with 4 and 2 components respectively have Z 3 -torsion in Khovanov homology. They are counterexamples to part 2 of Conjecture 3.12 in the next subsection. See Tables 4 and 5 .
T (4, 5) with crossing number 15 was the smallest prime knot with Z 4 -torsion [Shu3] . From Corollary 3.3, it follows that T (−3) (4, 6), which is in fact the 2-cabling of trefoil with 3-framing has Z 4 -torsion. Observe that, T (−3) (4, 6) also has 15 crossings. Moreover, the closure of the braid (σ 3 σ 2 σ 1 )
3 , obtained from T (−5) (4, 7) by adding two negative half twists on the right-most pair of strands is a two component link. After reduction it is the closure of the braid σ 2 σ 2 1 (σ 3 σ 2 ) 2 σ 1 σ 3 σ 2 2 σ 1 σ 3 σ 2 and has Z 4 -torsion. In particular, this link of two components has at most 14 crossings, whereas the knots T (4, 5) and T (−3) (4, 6) have 15 crossings. See Tables 8  and 11 .
T (5, 6) with crossing number 24 was the smallest known knot with Z 5 -torsion in Khovanov homology [BN] . From Corollary 3.4, it follows that the knot T (−6) (5, 7), which is the closure of the braid (σ 3 σ 2 σ 1 σ 4 σ 3 σ 2 ) 3 σ 4 σ 3 σ 2 of 22 crossings has Z 5 -torsion. It also follows that the link T (−7) (5, 7), which is the closure of the braid (σ 3 σ 2 σ 1 σ 4 σ 3 σ 2 ) 3 σ 4 σ 3 of 21 crossings has Z 5 -torsion. See Tables 20 and 21 .
T (7, 8) with crossing number 48 was the smallest known knot with Z 7 -torsion
10
. From Corollary 3.6, it follows that the knot T (−8) (7, 9), which is the closure of the braid (σ 5 σ 4 σ 3 σ 2 σ 1 σ 6 σ 5 σ 4 σ 3 σ 2 ) 4 σ 6 σ 5 σ 4 σ 3 σ 2 σ 1 and the link T (−9) (7, 9), which is the closure of the braid (σ 5 σ 4 σ 3 σ 2 σ 1 σ 6 σ 5 σ 4 σ 3 σ 2 ) 4 σ 6 σ 5 σ 4 σ 3 σ 2 have Z 7 -torsion. The knot T (−8) (7, 9) and the link T (−9) (7, 9) after reduction have crossing numbers at most 46 and 45 respectively. See Tables  30 and 31 .
The Khovanov homology of T (−8) (6, 8) with braid index 6 has Z 8 -torsion. 11 After reduction, this link is equivalently the closure of the braid word (σ 4 σ 3 σ 2 σ 1 σ 5 σ 4 σ 3 σ 2 ) 4 with 32 crossings, and the 2-cabling of T (3, 4). Note that by Corollary 3.5 T (−9) (6, 8), a knot of at most 33 crossings, also has Z 8 -torsion. This is an example of new torsion being generated as a consequence of adding half twists to a link. Interestingly, T (3, 4) is also 8 19 in the Rolfsen's knot table, the smallest non-alternating knot. See Figure 3 .5. It is in fact a counterexample to part 3 of Conjecture 3.12 of the next subsection with p = 2, r = 3, and n = 6. See Tables 22 and 23. 3.4. Z 2 s -torsion in Khovanov homology. Till now, no knot or link with torsion larger than Z 8 was known. In this subsection we introduce infinite families of links with braid index 4 containing Z 2 s -torsion with s ≤ 23. These infinite families also provide us with counterexamples to parts (2') and (3') of the following conjecture with p = 2. (3') Khovanov homology of a closed n-braid cannot have Z p r torsion for p r > n.
Observe that the flat 2-cabling of the torus knot T (2, 2s+1) is equivalent to T (−4s−2) (4, 4s+2). From Theorem 3.1, we have the following corollary.
Corollary 3.13. Suppose that H 6s+1,16s+4 (T (−4s−2) (4, 4s + 2)) has Z 2 s -torsion where s ≥ 1. Then for any k ≤ −4s − 2, the Khovanov homology H 6s+1,20s+6+k (T (k) (4, 4s + 2)) also contains
Proof. Notice that w(T (k) (4, 4s + 2)) = 3(4s + 2) + k and w(T B (4, 4s + 2)) = −(4s + 2) + 1 − k, i.e. u k = 2(4s + 2) + k. Thus, the following isomorphism can be obtained from Theorem 3.1:
We have u k ≤ 4s + 2 < 6s + 1 because k ≤ −4s − 2 and s ≥ 1, which means u k or u k − 1 never becomes 6s + 1 when k ≤ −4s − 2. Therefore, since H 6s+1,16s+4 (T (−4s−2) (4, 4s + 2)) contains Z 2 s -torsion, so does H 6s+1,20s+6+k (T (k) (4, 4s + 2)) for k ≤ −4s − 2.
Conjecture 3.14. Flat 2-cabling of the torus knot T (2, 2s + 1) has Z 2 s -torsion for 0 < s ≤ s
(1) in bidegree (i, j), for i = 1 + 8s − 2s and j = 4 + 20s − 4s , where s is a positive integer.
(2) in bidegree (i, j), for i = 8s − 2s and j = 20s − 4s , where s is a positive integer greater than one.
The above conjecture is verified up to s = 23. Note that the knot T (−2n−1) (4, 2n) and the link T (−2n) (4, 2n) which are flat 2-cablings of the torus link T (2, n) have braid index 4 for n ≥ 2. Therefore, they are counterexamples to Conjecture 3.12 (2 ) and the case of p = 2 in Conjecture 3.12 (3 ). Tables 9, 12 , and 33 show the Khovanov homology of the links when s = 1, 2, and 4 in Conjecture 3.14.
We end the section with the following problem.
Problem 3.15. Find knots or links whose Khovanov homology has Z p s -torsion for odd prime p and s > 1. In particular,
(1) Determine whether or not the Khovanov homology of T (9, 10) and T (9, 11) has Z 9 -torsion. (2) Find Z 9 -torsion for 4-braid links. 13
Torsion in reduced and odd Khovanov homology
Even (reduced and unreduced) and odd (reduced and unreduced) Khovanov homology share the same long exact sequence of homology involving D B , D, and D A [ORS, Ras, Shu1, Shu2] . The reason for this is that all of these homology theories use the same decomposition of chain groups:
C a,b (D) = C a,b (D B−marker ) ⊕ C a,b (D A−marker ) (see Figure 4 .1), and C * * (D B−marker ) is a subchain complex of C * * (D). Boundary maps have the same bidegree and in each of the cases the exact sequence of Lemma 2.2 holds. Thus we can have results analogous to Corollaries 3.3-3.6, 3.13 as long as we have initial data. We illustrate this by two examples, (1) on reduced (even) Khovanov homology, where torsion is very rare. Bidegrees of torsion different from Z 2 in the reduced Khovanov homology of T (7, 9) is given in Remark 4.2.
(2) on odd Khovanov homology, where we use the reduced version since the unreduced version is just "double" of the reduced one [ORS] . For odd Khovanov homology, torsion is plentiful (8 19 = T (3, 4) has Z 2 and Z 3 -torsion), but only small examples have been computed [Shu1] . Initial data for the reduced odd Khovanov homology of 10 124 = T (3, 5) is given in Tables 1-3. Thus we obtain the following theorem. Theorem 4.1.
(1) For all k ∈ Z the reduced (even) Khovanov homology of T (7, 9) satisfies tor odd H 17,7+k (T (k) (7, 9)) = Z 5 .
In particular, the knot T (−8) (7, 9) of 46 crossings and the two component link T −9 (7, 9) of 45 crossings have Z 5 -torsion.
(2) For any k ≥ −2 the reduced odd Khovanov homology of T (3, 5) satisfies tor H 5,16+k odd (T (k) (3, 5)) = Z 3 .
As noted before, T (−2) (3, 5) = T (3, 4) = 8 19 , see Proposition 3.10. 
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Search for torsion in Khovanov homology Table 26 . Khovanov homology of the torus knot T (7, 8). Table 27 . Khovanov homology of the knot T (−2) (7, 8) .
